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Abstract
A space X has property (a) if for every open cover U of X and for each dense D ⊆ X there is
a closed discrete F ⊆ D such that St(F,U) = X. In this paper, the relationship between property
(a) and normality is investigated. A consistent example of a normal space without property (a) is
constructed. A weakening of property (a) is defined and studied. Examples of nonmetrizable Moore
spaces with property (a) are given. The question for which spaces X with property (a) the product
X× (ω+ 1) also has property (a) is studied. Ó 2000 Elsevier Science B.V. All rights reserved.
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A space is absolutely countably compact (acc for short), if for each open cover U of X
and for each dense D ⊆X there is a finite subset F ⊆D such that St(F,U)=X (where
St(F,U)=
⋃
{U ∈ U : U ∩ F 6= ∅}).
A space X is said to have property (a) or is said to be an (a)-space if for each open
cover U of X and for each dense D ⊆ X there is a closed discrete subset F ⊆ D such
that St(F,U) = X. The classes of (a)-spaces and acc spaces were recently introduced by
Matveev (see [7,8]) motivated by the following characterization of countable compactness:
a T3-space X is countably compact if and only if for each open cover U there is a finite
subset F ⊂ X such that St(F,U) = X (Exercise 3.12.22(d) in [4]). Therefore each acc
space is countably compact and each countably compact (a)-space is acc.
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Although it is not a priori obvious, property (a) is closely connected with normality. For
many natural classes of spaces it is quite difficult to distinguish between normality and
property (a), and in fact many important theorems true for the class of normal spaces also
hold for (a)-spaces. In this note we consider (a)-analogues of the Dowker space problem
and of the normal Moore space conjecture. Consistent examples of normal spaces without
property (a) are constructed. We also consider the property (wa), a very weak form of
property (a), and present a construction of a regular space that fails to have (wa). These
results answer a number of questions from [7].
1. A normal space which is not an (a)-space
Recall that every monotonically normal space has property (a) [11] and that it remains
an open problem whether there exists a normal, countably compact space which is not
acc [8]. 3 Moreover, it is open whether there is a ZFC example of a normal space without
property (a). Here we present a consistent example.
An uncountable subset X ⊆R is called a Q-set if every subset of X is a Gδ-set in X. We
say that X is a strong Q-set if Xn is a Q-set for each n ∈ ω. The existence of Q-sets, and
even of strong Q-sets, is consistent with, but not provable in ZFC.
Example. A normal space without property (a) constructed assuming the existence of a
Q-set.
Let N = R × [0,+∞) be the upper half-plane equipped with the Niemytzki plane
topology,Q a Q-set on the x-axis and S a countable dense subspace ofN , S ⊂R× (0,∞).
For each q ∈Q we pick a sequence Sq of points of S converging to q in the Niemytzky
topology. Clearly |Sq ∩ Sq ′ | < ω whenever q 6= q ′. For each s ∈ S, let Js denote a
homeomorphic copy of the ordinal space ω1 (with the order topology). Let Js = {psα: α <
ω1} and assume that Js ∩ Js ′ = ∅ whenever s 6= s′. We let J =
⋃
s∈S Js and X =Q ∪ J .
We topologize X as follows. Each Js is a clopen subspace of X. A basic neighborhood of
a point q ∈Q takes the form
OKf (q)= {q} ∪
{
psα: s ∈ (Sq \K), α > f (s)
}
,
where K is arbitrary finite subset of Sq and f is arbitrary function from Sq to ω1.
Then X is not an (a)-space by the following lemma.
Lemma 1. Let a space Z contain a dense subspace D and a closed discrete subspace H
such that
(1) |D| = ω1,
(2) |H |> ω1,
3 While this paper was in the refereeing process, Oleg Pavlov constructed a ZFC example of a normal countably
compact not acc space.
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(3) for any countable subset C ⊂D, C ∩H = ∅,
(4) every uncountable subset of D has a limit point in Z.
Then Z is not an (a)-space.
Proof. Enumerate D as D = {dα: α < ω1}, and for each α < ω1 choose a point hα ∈ H
so that hα 6= hα′ whenever α 6= α′. Let
Uα =Z \
((
H \ {hα}
)∪ {dγ : γ < α}).
Then Uα is an open neighborhood of hα . Let
U = {Uα : α < ω1} ∪
{
Z \ {hα: α < ω1}
}
.
Then D and U witness that Z is not an (a)-space. Indeed, let F ⊂D be closed in Z and
discrete. Then F is at most countable and thus it is contained in some initial interval of
the enumeration of D. Therefore there is an α such that F ∩Uα = ∅. But Uα is the only
element of U that contains the point hα . So hα /∈ St(F,U).
To apply the lemma let H =Q and D = J . It is enough to note that J is σ -countably
compact, and so (4).
Now we prove that X is normal. Let A and B be disjoint closed subsets of X. We must
separate A and B by open subsets of X. Define AQ =A ∩Q, BQ = B ∩Q and (for each
s ∈ S) As = A ∩ Js , Bs = B ∩ Js . Since Js is homeomorphic to ω1, there are clopen sets
A˜s and B˜s in Js such that As ⊂ A˜s , Bs ⊂ B˜s and A˜s ∩ B˜s = ∅. Since As and Bs cannot
both be cofinal in Js , it is clear that A˜s and B˜s can be chosen in such a way that
(∗) A˜s is cofinal in Js iff As is cofinal in Js , and B˜s is cofinal in Js iff Bs is cofinal
in Js .
Let
A˜=AQ ∪
⋃
s∈S
A˜s and B˜ = BQ ∪
⋃
s∈S
B˜s .
It is clear that A˜⊃A, B˜ ⊃ B and A˜∩ B˜ = ∅. It follows from (∗) and from the definition of
the basic neighborhoods of the points from Q that A˜ and B˜ are closed in X. So it suffices
to separate A˜ and B˜ by open sets. Without loss of generality we can assume that A = A˜
and B = B˜ . Since Q is a Q-set, the sets AQ and BQ can be separated by sets UA ⊆N and
UB ⊆N which are open with respect to the Niemytzki plane topology (see [12, Example F,
p. 709]). Let VA =UA ∩ (Q∪ S) and VB =UB ∩ (Q∪ S). Next, let
WA = (VA ∩Q)∪
⋃
s∈VA∩S
Js and WB = (VB ∩Q)∪
⋃
s∈VB∩S
Js .
These two sets separate AQ and BQ and are open in X. Let OA = A ∪ (WA \ B) and
OB = B ∪ (WB \ A). Then OA and OB are the desired neighborhoods separating A
from B . 2
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2. The property (wa)
Following [7], we say that a space X has weak property (a) (abbreviated (wa)) if for
every dense subset D ⊆ X and every open cover U of X there exists a discrete subset
E ⊆ D such that St(E,U) = X. In [7], a T1-space that does not have property (wa) was
constructed and it was asked whether there is a Tychonoff example.
Theorem 2. There exists a Tychonoff space without property (wa).
Proof. Let
Γ = {〈x, y〉: x > 0, y ∈R}.
For each y fix a decreasing sequence of open disks (Uny )n∈ω such that the family
{{〈0, y〉} ∪ Uny : n ∈ ω} is a local base at 〈0, y〉 in the Niemytzki plane topology on Γ .
Now suppose we construct for each y ∈ R a double sequence (V n,my )n,m∈ω of nonempty
open disks such that
• V n,0y ⊂Uny for all n ∈ ω;
• cl(V n,0y )∩ cl(V n′,0y )= ∅ for all n < n′ <ω;
• cl(V n,m+1y )⊂ V n,my for all m,n ∈ ω.
We declare a subset U ⊂ Γ open if U ∩ {〈x, y〉: x > 0} is open in the usual Euclidean
topology on Γ and
∀〈0, y〉 ∈ U ∃m ∈ ω ∀n >m (V n,my ⊂U).
This gives us a modified version of the Niemytzki plane, which will be denoted by Γ V (the
V is supposed to stand for the family of all double sequences (V n,my )m,n∈ω). The proof that
each such modified Niemytzki plane is a Tychonoff space goes exactly like the proof for
the original Niemytzki plane.
Now let
D = {〈x, y〉 ∈Q×Q: x > 0}.
Enumerate all nowhere dense subsets of D as {Eα: α < 2ℵ0}. Also enumerate R as {yα:
α < 2ℵ0}. Choose for each α < 2ℵ0 open disks V n,0yα ⊂Unyα with pairwise disjoint closures
in such a way that V n,0yα ∩Eα = ∅. The latter is possible since Eα is nowhere dense. Then
pick V n,myα form> 0 in such a way that the remaining of the above conditions are satisfied.
This construction gives a modified Niemytzki plane that will be denoted by Γ V .
Let
U =
{
{yα} ∪
⋃
n∈ω
V n,0α : α < 2
ℵ0
}
∪ {(0,∞)×R}.
Note that D is still dense in Γ V . Moreover, if E ⊂D is discrete, then E is nowhere dense
in D. Thus, E = Eα for some α < 2ℵ0 . Consider U = {yα} ∪⋃n∈ω V n,0α . This element of
U is disjoint from E, and hence St(E,U) 6= Γ V . 2
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Question 1. Does there exist a normal space without property (wa)? Is the existence of
such a space at least consistent with ZFC?
It is easy to see that every paracompact space has property (a). In particular, every
countable, regular space has property (a). In the class of Hausdorff spaces though there
is a countable example that does not even have property (wa).
Example. A countable Hausdorff space that does not have property (wa).
Let X = X0 ∪ X1 where X0 and X1 are two disjoint, dense (in the usual topology)
countable subsets of R. A basic neighborhood of a point x ∈X takes the form
Un(x)= {x} ∪
(
O1/n(x)∩X1
)
,
where O1/n(x) is the ball in R with center at x and radius 1/n. It is clear that these
neighborhoods generate a topology on X that is stronger than the topology inherited
from R.
To show that X does not have property (wa), we represent X0 as a disjoint union
X0 =⋃{X0i : i ∈ ω} where each X0i is dense in R with the usual topology. Let
U = {Ui(x): x ∈X0i , i ∈ ω} ∪ {X1}.
This open cover U of X and the dense subspace X1 ⊂ X witness that X does not have
property (wa). Indeed, suppose that F ⊂X1 and St(F,U)=X. We will show that F is not
discrete in X. To check this, it will be enough to show that F is dense in R with respect
to the usual topology (indeed, since the new topology coincides on X1 with the topology
inherited from R, in this case F must be homeomorphic to Q, the set of the rationals).
Suppose that F is not dense in R. Then there is an interval (a, b) ⊂ R that does not
contain any points of F . Also, there exist an integer n and a point z ∈ X0n such that
O1/n(z)⊂ (a, b). Then Un(z) ∩ F = ∅. But Un(z) is the only element of U that contains
z. Hence z /∈ St(F,U), a contradiction.
3. Some Pixley–Roy-type examples
For a Hausdorff topological space X, F [X] denotes the set of all finite subsets of X
equipped with the Pixley–Roy topology (see [2,12]). The standard base for this topology
consists of the sets of the form
U(A,O)= {H ∈ F [X]: A⊂H ⊂O},
where A is a finite subset of X andO is an open neighborhood of A in X. Further, F6n[X]
denotes the subspace of F [X] consisting of 6 n-point subsets of X. It is known that F [X]
and F6n[X] are not metrizable for any uncountable subset of R and any n > 1; F [X] is a
Moore space whenever X is first-countable [2]. In [7] a Jone’s type lemma for (a)-spaces
is proved and used to show that under CH every separable Moore (a)-space is metrizable.
It was then asked whether every Moore (a)-space is metrizable.
The following is an example of a Moore nonmetrizable (a)-space.
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Proposition 3. For any subset X⊂R, the set F62[X] is an (a)-space.
Proof. It is easy to see that F62[R] is homeomorphic to the subspace Z = {(x, y) ∈
R2: y > x} with the following topology: points of Y = {(x, y): y > x} are isolated; a
basic neighborhood of a point (x, x) ∈∆= {(t, t): t ∈R} takes the form
Un(x)=ULn (x)∪URn (x),
where
ULn (x)=
{
(t, x): x − 1/n< t 6 x},
URn (x)=
{
(x, t): x 6 t < x + 1/n}
and n ∈ ω \ {0}). Also it is easy to see that for a subspace X ⊂ R, the space F62[X] is
homeomorphic to the subspace
Z(X)= {(x, y) ∈ Z: x, y ∈X}⊂Z.
It is interesting to note also thatZ(X) is homeomorphic to the “Heath V-space” constructed
over X (see [12, Example H]).
So, let X ⊂R. We prove that Z(X) is an (a)-space. Define
Y (X)=Z(X)∩ Y and ∆(X)=Z(X) ∩∆.
We say that a point (x, x) ∈∆(X) is not isolated from the left (from the right) if the point
x on the real line is a limit for a sequence of other points of X converging to it from the left
(from the right). Let ∆L (∆R) denote the set of all points of ∆(X) which are not isolated
from the left (from the right). Then the set ∆0 =∆(X) \ (∆L ∪∆R) consists of the points
of ∆(X) which are isolated in Z(X); this set is clopen in Z(X).
Let U be an open cover of Z(X) and let D be a dense subspace of Z(X). Without loss of
generality we can assume that U consists of basic open sets and that D = Y (X) ∪ ∆0
(indeed, Y (X) ∪ ∆0 is dense in Z(X), and every dense subspace of Z(X) contains
Y (X)∪∆0).
First, we show that there is a subset FL ⊂ Y (X) having no limit points in ∆ (hence in
the whole space) and such that St(FL,U)⊃∆L.
Let τL = |∆L|. For a point (x, x) ∈∆L denote
L(x)=min{∣∣X ∩ (x − 1/n, x)∣∣: n ∈ ω}.
Since R (with the usual topology) is hereditarily Lindelöf, |{x: L(x) 6 λ}| 6 λ for
each infinite λ < τL. Therefore the set δL = {x: (x, x) ∈ ∆L} can be enumerated as
δL = {xα: α < τL} so that L(xα) > |α| for each α < τL.
Next, by induction on α, we choose points tα ∈X for α < τL so that
(1) tα 6= tβ whenever α 6= β ,
(2) tα < xα , and
(3) {(tα, xα), (xα, xα)} ⊂U for some element U ∈ U .
This is possible since before every step α only 6 |α| points tγ have been chosen, and
any left-side neighborhood of xα contains > |α| yet unchosen points.
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Let FL = {(tα, xα): α < τL}. It follows from (3) that ∆L ⊂ St(FL,U). The set FL is
closed and discrete because every horizontal line and every vertical line contains at most
one point of FL.
Similarly one proves that there is a subset FR ⊂ Y (X) having no limit points in ∆ and
such that St(FR,U)⊃∆R . Lastly, let F = FL ∪FR ∪∆0 ∪ (Y (X)\St(FL∪FR,U)). Then
F ⊂D, F is closed and discrete in Z(X) and St(F,U)=Z(X). 2
If X is a strong Q-set in R, then F [X] is normal [12]. Since F62[X] is a closed
subset of F [X] it is also normal (moreover, since it is homeomorphic to Heath’s
V-space over X, it is normal when X is a Q-set [12]). Therefore F62[X] is an example
of a Moore space which is hereditarily normal and has property (a) but is non-metrizable
(hereditary normality follows from the simple observation that if a normal space consists
of a closed discrete subspace and an open discrete subspace, then it is hereditarily normal).
Furthermore, F62[R] is an example of a nonmetrizable Moore (a)-space. However, as our
next example shows, F62[R] is not hereditarily (a). Our next example also shows that not
every metacompact space has property (a).
Example. A subspace of F62[R] that is not an (a)-space.
Again we identify F62[R] with the space Z introduced in the proof of Proposition 3.
We will also use the notation ULn (x) and URn (x) from the proof of Proposition 3. Let N be
any subspace of R \Q such that:
(†) for each nonempty interval (a, b) ⊂ R and each A ⊂ R of cardinality |A| < d ,
N ∩ (a, b) \A is of second Baire category. (d is the dominating number (see [3]
or [13]).)
In particular, N could be the set of irrationals R \Q.
X =Q∪N . We will construct a subspace T ⊂Z(X) of the form
T =Q∪L∪
⋃
l∈L
Yl,
where Q = {(q, q): q ∈ Q}, L = {(x, x): x ∈ N}, and the Yl ’s are certain subsets of the
left rays with the end at a point l to be specified later.
First we represent N as a disjoint union N = N0 ∪ N1 where N1 is a dense countable
subspace of R (with respect to the usual topology).
Further, let F = {fα : α < d} be a family of functions from Q to ω such that for each
function g :Q→ ω there is fα ∈F such that fα(q) > g(q) for each q ∈Q (such a family
exists by the definition of d and by the fact that Q is countable). By recursion over α < d ,
we will choose distinct points xα ∈N and lα = (xα, xα) ∈L and define the sets Ylα .
Let α < d and suppose the points xβ and lβ have been chosen and the sets Ylβ
constructed for all β < α. Let N(α) =N0 \ {xβ : β < α} and L(α) = {(x, x): x ∈ N(α)}.
Then the set N(α) is also of second category in every nonempty interval.
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We have
L(α)=M0 ∪
⋃
k∈N+
Mk
where
M0 =
{
(x, x) ∈L(α): ∀k ∈N+∣∣{(z, z) ∈Q: URfα(z)(z)∩ULk (x) 6= ∅}∣∣= ω}
and
Mk =
{
(x, x) ∈L(α): ∀(z, z) ∈Q, URfα(z)(z)∩ULk (x)= ∅
}
for k ∈N+. All we want to prove is thatM0 6= ∅. But otherwise some of the setsMk would
be dense on some interval I of ∆. Considering a rational point (z, z) from this interval
one derives a contradiction: there must be (x, x) ∈ I such that z < x < z + 1/p where
p =min{fα(z), k}, and then URp (z)∩ULp (x) 6= ∅.
So M0 6= ∅. Pick a point lα = (x, x) ∈M0 and let
Ylα =
{
(t, x): t < x
}∩⋃
z∈Q
URfα(z)(z).
Then Ylα contains a sequence converging to lα .
As far as the induction has been done, let L2 = L1 ∪ (L0 \ {lα : α < d}), where
Li = {(x, x): x ∈Ni} for i ∈ {0,1}, and for each l = (x, x) ∈ L2, let
(‡) Yl = {(t, x): t ∈Q, t < x}.
This concludes the construction of T . Note that this space has the following properties:
(1) the points of Y =⋃l∈L Yl are isolated;
(2) every point of Q is the limit of a sequence of points of Y converging to it along the
vertical axis;
(3) the horizontal axis drawn through a point q ∈Q does not meet Y ;
(4) every point l ∈ L is the limit of a sequence of points of Yl converging to l along the
horizontal axis;
(5) the vertical axis drawn through l ∈ L does not meet Y .
Property (2) follows from the inclusion L2 ⊃ L1 which shows that for a dense set of
points l ∈L, Yl has been defined via (‡). The rest follows directly from the construction.
Now we show that T is not an (a)-space. By (2) and (4), Y is dense in T .
Let U be a cover of X consisting of the basic neighborhoods Un(z) of the points (z, z)
for z ∈ X and of the one-point subsets of Y . Let F ⊂ Y be closed and discrete in X. We
show that St(F,U) 6=X.
Indeed, since F is closed, for every (z, z) ∈ Q there is a basic neighborhood, say
Uf(z,z)(z) that does not meet F . Thus we have defined a function f :Q→ ω. There is
α∗ < d such that fα∗(z) > f (z) for each z ∈Q. Consider the point lα∗ . We have
Ylα∗ ⊂
⋃
z∈Q
Ufα∗ (z)(z)⊂
⋃
z∈Q
Uf (z)(z).
Hence by (5) no basic neighborhood of lα∗ meets F and lα∗ /∈ St(F,U).
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It is possible that some modification of the above construction could give an example of
a hereditarily normal space without property (a).
We conclude this section with the remark that the whole Pixley–Roy space (that is when
there is no upper bound on the cardinality of finite subsets) of an uncountable subspace X
of the reals need not be an (a)-space; in particular, this is the case when X =R.
Theorem 4. If X is a subset of R of cardinality 2ℵ0 , then the Pixley–Roy exponent F [X]
does not have property (a).
Proof. Let X be as in the assumption, and let Y be a subset of X such that for all closed,
uncountableK ⊆R:
If |X ∩K| = 2ℵ0, then |Y ∩K| = ∣∣(X \ Y )∩K∣∣= 2ℵ0 .
Denote
M= {A⊂ Y : |A| = ω and |A| = 2ℵ0}
(the closure is understood with respect to the usual topology of R). It is clear that
|M| = 2ℵ0 . By means of transfinite induction, one easily chooses points pn,A ∈ A \ Y
for all A ∈M and n ∈ ω so that pn,A 6= pm,B whenever n 6=m or A 6= B . Next, we choose
sequences Sn,A :ω→A of points of A converging to pn,A so that
|Sn,A(i)− pn,A|< 1/2n+1 for each i.
Let
U = {U({pn,A},B1/2n+1(pn,A)): A ∈M, n ∈ ω}
∪ {F [R] \ {{pn,A}: A ∈M, n ∈ ω}}
and
D = {C ∈ F>2[X]: ∀A ∈M, n ∈ ω (pn,A ∈ C⇒∃i ∈ ωSn,A(i) ∈C)}.
Then U is an open cover and D a dense subspace of F [X] (the basic neighborhoods
U(A,O) were defined in the beginning of this section; Bε(x) denotes the open ε-ball
with center at x).
This U and D witness that F [X] is not an (a)-space. Indeed, suppose F ⊂D be closed
in F [X] and St(F,U) = F [X]. Since F is closed and does not contain one-point subsets
of X, for every x ∈X there is an n(x) ∈ ω such that
U
({x},B1/2n(x)(x))∩ F = ∅.
There is an n∗ ∈ ω such that the cardinality of the set En∗ = {x ∈ Y : n(x) = n∗} is 2ℵ0 .
Since R is hereditarily separable, there exists a countable A∗ ⊂ En∗ such that A∗ = En∗ .
Then A∗ ∈M. Since V ∗ = U({pn∗,A∗},B1/2n∗+1(pn∗,A∗)) is the only element of U that
contains {pn∗,A∗}, there exists C∗ ∈ V ∗ ∩ F . By the definition of D, this C∗ must contain
a point of the sequence Sn∗,A∗ , say q∗ = Sn∗,A∗(i∗). By the triangle inequality we have
V ∗ ⊂ B1/2n∗(q∗), so q∗ ∈C∗ ∈ V ∗ ⊂ B1/2n∗(q∗). But q∗ ∈A∗ ⊂En∗ , and the intersection
B1/2n∗(q∗)∩F must be empty; a contradiction with C∗ ∈ F . 2
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If the Continuum Hypothesis holds, then the above theorem implies that for every
uncountableX ⊆R, the Pixley–Roy exponent F [X] does not have property (a).
Question 2. Is it relatively consistent with ZFC that there exists an uncountable subspace
X⊂ R such that F [X] has property (a)?
4. Moore spaces
We show here that two natural constructions of normal nonmetrizable Moore spaces also
provide consistent examples of nonmetrizable Moore (a)-spaces: Assuming MA+¬CH
every Aronszajn tree in the interval topology has property (a). Moreover certain
nonmetrizable subspaces of the Niemytzki plane have property (a). Similarly to the
situation for normality, it is shown that V = L implies that every special Aronszajn tree
fails to have property (a).
LetX ⊆R and let YX denote the spaceX×{0}∪R× (0,∞) endowed with the subspace
topology inherited from the Moore–Niemytzki plane. IfX is aQ-set then YX is a separable
normal nonmetrizable Moore space (see [9]). Furthermore, the existence of a separable
nonmetrizable normal Moore space is equivalent to the existence of a Q-set. Therefore it
is natural to ask the following:
Question 3. If X is a Q-set, does YX have property (a)?
Question 4. Is the existence of a separable nonmetrizable Moore space with property (a)
equivalent to the existence of a Q-set?
Under MA+¬CH, each set of reals of size less than 2ℵ0 is a Q-set. We have the
following partial answer to Question 3.
Theorem 5. YX has property (a) for each X ⊆R of size less than p.
Proof. We use Bell’s theorem that MAκ for σ - centered posets holds if and only if κ < p
[1]. Let U be an open cover of YX and let D ⊆ YX be dense. Since the open upper half
plane is a dense, open, hereditarily separable subspace, we may assume thatD is countable
and contained in the upper half plane. Also, by refining U and taking a subcover we may
assume that U = V ∪W , where
(1) W is a countable family of basic open subsets W such that cl(W) ∩ (X× {0})= ∅,
and
(2) V consists of basic open neighborhoods of points on the x-axis.
We now define the necessary poset:
Let P be the set of triples (a,A1,A2) such that
(1) a ∈ [D]<ℵ0 ,
(2) A1 ∈ [V]<ℵ0 ,
(3) A2 ∈ [W]<ℵ0 ,
(4) a ∩U 6= ∅ for each U ∈A1.
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We order P by (a,A1,A2)6 (b,B1,B2) if a ⊇ b, A1 ⊇ B1, A2 ⊇ B2 and
(a \ b)∩
(⋃
(B1 ∪B2)
)
= ∅.
Lemma 6. P is σ -centered.
Proof. If p = (a,A1,A2) and q = (a,B1,B2) then p and q are compatible. 2
For each x ∈X× {0} let Ex = {(a,A1,A2) ∈ P : x ∈⋃A1}.
Lemma 7. Ex is dense for each x ∈X.
Proof. Fix x ∈ X and (a,A1,A2) ∈ P . Suppose that x /∈ ⋃A1. Fix a basic open set
V ∈ V such that x ∈ V . If V ∩ a 6= ∅ then (a,A1 ∪ {V },A2) ∈ Ex is below (a,A1,A2).
So suppose that V ∩ a = ∅. By choice of V and W , x /∈ cl(⋃(A1 ∪A2)) so we may fix
d ∈D ∩ (V \⋃(A1 ∪ A2)). Then (a ∪ {d},A1 ∪ {V },A2) ∈ Ex is below (a,A1,A2) as
required. 2
For each W ∈W let EW = {(a,A1,A2) ∈ P : W ∈A2}.
Lemma 8. EW is dense for each W ∈W .
Proof. Let W ∈W . Then (a,A1,A2 ∪ {W }) ∈EW is below (a,A1,A2). 2
By MA for σ -centered posets of size < p there is a filter G ⊂ P intersecting each of
the sets in {Ex : x ∈X × {0}} ∪ {EW : W ∈W}. Let F =⋃{a: (a,A1,A2) ∈G for some
A1,A2}. To see that St(F,U)⊇X × {0} fix x ∈X and fix (a,A1,A2) ∈Ex ∩G. Fix U ∈
A1 containing x . Then as U ∩ a 6= ∅ we have that x ∈ St(a,U)⊆ St(F,U). Furthermore
we claim that F is closed discrete. It suffices to show that F has no accumulation points.
This splits into cases:
Case 1: Suppose that x ∈ X. As above, there is (a,A1,A2) ∈ G ∩ Ex . Fix V ∈ A1
containing x . Then by definition of the ordering <, V ∩F = V ∩ a, hence (x,0) is not an
accumulation point of F .
Case 2: Suppose that y ∈ R × (0,∞). Fix W ∈ W containing y . Fix (a,A1,A2) ∈
G∩EW . ThenW ∈A2 and as above,W ∩F =W ∩ a. Therefore y is not an accumulation
point of F .
We are not quite finished with the proof of Theorem 5, since St(F,U) may not be all of
YX . Let K = YX \ St(F,U). Then K is closed and disjoint from the x-axis. By normality
of YX , there is an open set O ⊇K such that cl(O)∩X×{0} = ∅. In the subspace topology
cl(O) is metrizable, so has property (a).D∩O is dense in cl(O) so we may fix F ′ ⊆D∩O
closed discrete in cl(O) (hence closed discrete in YX) such that St(F ′,U) ⊇ K . Then
F ∪F ′ is closed discrete and St(F ∪ F ′,U)= YX . 2
Theorem 9. Assume MAω1 . Then every Aronszajn tree with the interval topology has
property (a).
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Proof. Fix an Aronszajn tree T , a dense subset D ⊂ T and an open cover U . Let P be the
set of all pairs (A, s) such that
(1) A ∈ [D]<ℵ0 ,
(2) s is a function with dom(s) a finite subset of T such that s(x) is a basic clopen
neighborhood of x with the property that
(a) s(x)⊆U for some U ∈ U , and
(b) |s(x)∩A|6 1 for each x ∈ dom(s).
We order P by (A, s) < (B, t) if B ⊆A and t ⊆ s.
Claim 10. P has property K .
Proof. Let {pα : α < ω1} be a subset of P where pα = (Aα, sα) for each α ∈ ω1. Without
loss of generality the Aα’s form a ∆-system with root A and are all of the same cardinality
n. Similarly the domains of the sα’s form a ∆-system with root r and are all of size m.
Also we may assume that sα|r = sβ |r and that for each α ∈ ω1 there is a γα ∈ ω1 such that
all the elements ofAα ∪dom(sα) are below Levγα (T ), and if α < β then all the elements of
(Aβ \A) ∪ (dom(sβ) \ r) are above Levγα (T ). Therefore α < β and pα ⊥ pβ implies that
there is an x ∈ dom(sβ) \ r such that sβ(x)∩ (Aα \A) 6= ∅. Therefore it suffices to assume
that A= r = ∅ and to prove the following lemma.
Lemma 11. There is an uncountable X ⊆ ω1 such that for all α < β from X and all
x ∈ dom(sβ), sβ(x)∩Aα = ∅.
Proof. We prove the lemma by induction on k =min{m,n}. First note that if n = 0 (i.e.,
if each Aα = ∅) or if m = 0 (i.e., each sα = ∅), then the lemma holds. So let n,m > 0
and fix aα ∈ Aα and fix xα ∈ dom(sα) for each α ∈ ω1. Let A′α = Aα \ {aα} and let
s′α = sα|(dom(sα) \ {xα}). Then by the inductive assumption there exists an uncountable
X such that
∀α,β ∈X, ∀x ∈ dom(sβ) (α < β⇒ sβ(x)∩A′α = ∅).
Also by the inductive assumption, there is an uncountable Y ⊆X such that
∀α < β ∈ Y, ∀x ∈ dom(s′β) (α < β⇒ sβ(x)∩Aα = ∅).
Since MAω1 implies that every Aronszajn tree is special, we can fix an uncountable
Z ⊆ Y such that {aα: α ∈ Z} is an antichain. Fix α < β from Z and define f : [Z]2→ 2
by f ({α,β}) = 0 if aα ∈ sβ(xβ). By the Erdös–Dushnik–Miller Theorem it suffices to
show that there is an uncountable 1-homogeneous set for f . Since ω1 → (3,ω1)2 (see
[5]), it suffices to show that there is no 0-homogeneous set of size 3. But if α < β < γ
satisfied f ({α,γ }) = f ({β,γ }) then both aα, aβ ∈ sγ (xγ ), contradicting that aα and aβ
are incompatible. This completes the proof of the lemma. 2
Define for each x ∈ T the set
Dx =
{
(A, s) ∈ P : x ∈ dom(s)}.
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The proof of the following claim is straightforward.
Claim 12. For each x ∈ T , the set Dx is dense in P .
Define for each x ∈ T the set
Ex =
{
(A, s) ∈ P : ∃d ∈A, ∃U ∈ U({d, x} ⊆U)}.
Claim 13. For each x ∈ T , the set Ex is dense in P .
Proof. Fix (A, s) ∈ P and x ∈ T . If x ∈ St(A,U) then (A, s) ∈Ex . So assume otherwise.
Also, as Dx is dense, we may assume that x ∈ dom(s). Choose V open so that x ∈ V and
V is a subset of(⋂{
s(y): y ∈ dom(s) and x ∈ s(y)} \⋃{s(y): y ∈ dom(s) and x /∈ s(y)}).
Fix d ∈D ∩ V and let A′ = A∪ {d}. If x ∈ s(y) and s(y)∩A 6= ∅ then by definition of P
we would have that x ∈ St(A,U). Therefore (A′, s) ∈ P and moreover (A′, s) ∈Ex . 2
LetG be a {Dx : x ∈ T }∪{Ex : x ∈ T }-generic filter in P , and letE =⋃{A: ∃s (A, s) ∈
G}. As G ∩Dx 6= ∅ for each x ∈ T we have that E is closed discrete. Furthermore, since
G∩Ex 6= ∅, we have that St(E,U) covers T . Therefore T satisfies property (a). 2
Some assumption beyond ZFC is needed for the previous theorem. It follows from the
next theorem that V = L implies that every special Aronszajn tree fails to have property (a).
Theorem 14. Assume ♦(S) holds for every stationary subset S ⊆ ω1. Then no special
Aronszajn tree satisfies property (a).
Proof. Assume ♦(S) holds for every stationary subset S ⊆ ω1. Let 〈T ,<T 〉 be a special
Aronszajn tree. Without loss of generality, we may assume that T = ω1 and
(∗) α <T β implies that α < β .
Note that (∗) implies that the set C = {α: ht(α)= α} is closed unbounded in ω1 (where
ht (α) = γ means that α sits at the γ th level T (γ ) of the tree T ). Fix a decomposition
T = ⋃n∈ω An, where each An is an antichain. At least one of the An’s must be a
stationary subset of ω1; without loss of generality let us assume that A0 is stationary. Let
D = T (0)∪⋃γ<ω1 T (γ +1) be the set of all nodes of T at level zero or at successor levels.
Clearly,D is dense in T . Use ♦(A0) to fix a sequence 〈Eα : α ∈A0〉 such that Eα ⊆D∩α
for all α ∈A0 and if E ⊆D, then the set {α ∈A0: E ∩ α =Eα} is stationary.
Now let us construct an open cover U . For each α ∈ ω1, we will choose an open
neighborhood Uα of α such that Uα ⊆ α + 1 (this is possible by (∗) and because basic
open neighborhoods in the tree look downward). Moreover, if α /∈A0, then we will choose
Uα in such a way that Uα ∩A0 = ∅. If α ∈A0, consider Eα :
Case 1: α ∈ cl(Eα). Then let Uα be an arbitrary basic open neighborhood of α. (In
particular, we will have Uα ∩A0 = {α}.)
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Case 2: α /∈ cl(Eα). Then let Uα be an arbitrary neighborhood of α such that Uα ∩A0 =
{α} and Uα ∩Eα = ∅.
Let U = {Uα : α < ω1}.
Lemma 15. There is no closed discrete E ⊂D such that St(E,U)= T .
Proof. Suppose E ⊆ D and St(E,U) = T . Then there exists a limit ordinal α ∈ C ∩ A0
such that E ∩ α = Eα 6= ∅. Since α ∈ A0, Uα is the only element of U that contains α.
Moreover, α being at a limit level, α /∈D, and thus α /∈E. Thus, Eα ∩Uα 6= ∅, and hence
Case 1 rather than Case 2 was used in the definition of Uα . But then α ∈ cl(E), and since
α /∈E, the set E is not closed. 2
5. (a)-Dowker spaces
Any normal space X for which X × (ω + 1) is not normal is called a Dowker space.
H. Dowker proved that for a spaceX and for any infinite compact metrizable space Y , X×
Y is normal if and only ifX is normal and countably paracompact. Following the definition
introduced in [7] we will say that a space is (a)-Dowker if it has property (a) but its product
with ω+ 1 fails to have property (a). Whether property (a) is preserved under the product
with ω+ 1 was considered in [7]. There it was shown that if X is a normal and countably
paracompact (a)-space, then X × (ω + 1) is an (a)-space. Here we show that normality
can be dropped and moreover ω + 1 can be replaced by an arbitrary compact metrizable
factor:
Theorem 16. Suppose that X is a countably paracompact (a)-space and that Y is a
compact metrizable space. Then X× Y is an (a)-space.
Proof. Let U be an open cover of X × Y . Without loss of generality we may assume that
every refinement of U is a subcover of U . Also fix a dense set D ⊆X×Y . For each V ⊆ Y
let
DV =
{
d ∈X: ∃y ∈ V (d, y) ∈D}.
Notice that if V is open in Y , then DV is dense in X. Fix a countable basis for Y and
let B be the family of all finite covers of Y by basic open sets. B is countable so we may
enumerate it as {Bn: n ∈ ω}. For each x ∈ X, using the compactness of Y , we can find
an open Nx ⊆ X containing x and a Bx ∈ B such that Nx × V ∈ U for each V ∈ Bx . For
each n ∈ ω let Un =⋃{Nx : Bx = Bn}. Notice that Un is open and {Un: n ∈ ω} is a cover
of X. Therefore by countable paracompactness there is an open cover {Vn: n ∈ ω} such
that cl(Vn)⊆ Un for each n ∈ ω. To prove that X× Y has property (a) we define for each
n ∈ ω open sets Wn and closed discrete sets Gn ⊆ D by recursion so that the following
hypotheses are satisfied:
(i) ⋃k6n cl(Vk)⊆⋃k6nWk ,
(ii) Wn × Y ⊆ St(Gn,U), and
(iii) Gn ∩ (⋃k<n cl(Vk)× Y )= ∅.
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First note that if we define Wn and Gn as above, then by clause (iii) we will have that
G=⋃n∈ω Gn is also closed discrete, and (i) and (ii) together imply that St(G,U)=X×Y .
To begin the construction first note that for the case n= 0 we need only take care of (i)
and (ii). For each V ∈B0 we fix an open cover U0V satisfying
(iv) for each U ∈ U0V there is a V ′ ⊆ V such that U × V ′ ∈ U , and
(v) for each U ∈ U0V , if U ∩ cl(V0) 6= ∅, then U ⊆U0 and U × V ∈ U .
Clearly this can be done. By property (a) there is a closed discrete set F 0V ⊆DV such that
St(F 0V ,U0V )=X. For each d ∈ F 0V fix yd ∈ V so that (d, yd) ∈D. Let G0V = {(d, yd): d ∈
F 0V }.
The following claim is obvious.
Claim 17. For each V ∈ B0, G0V is closed discrete in X× Y .
For each V ∈ B0 and for each x ∈ cl(V0) there is an open set UV (x) ∈ U0V containing
x such that UV (x) ∩ F 0V 6= ∅. By (v) we have that UV (x)× V ∈ U so that UV (x)× V ⊆
St(G0V ,U). Therefore, letting W 0V =
⋃{UV (x): x ∈ cl(V0)} we have proven the following
claim:
Claim 18. cl(V0)⊆W 0V and W 0V × V ⊆ St(G0V ,U).
Now let W0 =⋂{W 0V : V ∈ B0} and let G0 =⋃{G0V : V ∈ B0}. Since B0 is finite, G0
is closed discrete and W0 is open. Clearly they satisfy the inductive conditions (i) and (ii)
(and (iii) vacuously) for the case n= 0.
In general, suppose that Gk and Wk have been defined for all k < n satisfying (i)–(iii).
For each V ∈ Bn we define an open cover UnV as follows. For each x ∈X \ (
⋃
k<nWk) we
fix an open neighborhood Ux of x so that
(vi) if x ∈ cl(Vn) \ (⋃k<n Wk) then Ux ∩ (⋃k<n cl(Vk))= ∅ and Ux × V ∈ U ,
(vii) if x ∈X \ (cl(Vn)∪⋃k<nWk) then Ux ∩ cl(Vn)= ∅ and there is a V ′ ⊆ V so that
Ux × V ′ ∈ U .
Let
UnV =
{⋃
k<n
Wk
}
∪
{
Ux : x ∈X
∖(⋃
k<n
Wk
)}
.
Now fix FnV ⊆ DV closed discrete such that St(F nV ,UnV ) = X. For each d ∈ FnV fix
yd ∈ V so that (d, yd) ∈D. Let
GnV =
{
(d, yd): d ∈ FnV
∖ ⋃
k<n
cl(Vk)
}
and let
WnV =
⋃{
Ux : x ∈ cl(Vn)
∖(⋃
k<n
Wk
)
and Ux ∩FnV 6= ∅
}
.
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For each x0 ∈ cl(Vn) \ (⋃k<nWk), if x0 ∈ U ∈ UnV is such that U ∩ FnV 6= ∅, then U = Ux
for some x ∈ cl(Vn). Then by (vi), each d ∈ U ∩ FnV is not in
⋃
k<n cl(Vk). Therefore we
have proven the following:
Claim 19. For each V ∈ Bn, WnV × V ⊆ St(GnV ,U) and cl(Vn) \
⋃
k<nWk ⊆WnV .
Let Wn =⋂V∈Bn WnV and and let Gn =⋃V∈Bn GnV . By construction and the last claim,
Wn and Gn satisfy (i)–(iii) of the inductive hypothesis. 2
We now show that countable paracompactness is not a necessary condition for
preservation of property (a) under products with ω + 1. One of the known consistent
examples of a Dowker space is an (a)-space and its product with ω + 1 has property (a).
This answers another question from [7]. First we need the following proposition:
Proposition 20. Assume X is zero-dimensional and that |X|< p. Suppose that D ⊆X is
a countable dense subset and U is an open cover. Then there is a closed discrete F ⊆ D
such that St(F,U)=X.
Proof. Without loss of generality, by refining U , we may assume that U consists of clopen
sets and if V is a clopen refinement of U then V ⊆ U . Let P be the set of all pairs (a,A)
such that
(1) a ∈ [D]<ℵ0 ,
(2) A ∈ [U]<ℵ0 , and
(3) |U ∩ a| = 1 for each U ∈A.
We order P by (a,A) < (b,B) if b ⊆ a and B ⊆A. Since D is countable it follows that P
is σ -centered.
For each x ∈X let Ex = {(a,A): x ∈⋃A}.
Lemma 21. Ex is dense in P for each x ∈X.
Proof. Fix (a,A) ∈ P and fix x ∈X. Assume that x /∈⋃A. Since ⋃A is clopen we may
fix U ∈ U a clopen neighborhood of x such that U ∩ (⋃A) = ∅. Fix d ∈ U ∩ D. Then
(a ∪ {d},A∪ {U}) < (a,A) is an element of Ex . 2
By MA there is a filter F ⊆ P which meets each of the sets Ex . It is easy to verify that
F =
⋃{
a: ∃A(a,A)∈F}
is closed discrete and St(F,U)=X. 2
Corollary 22. Suppose that X is zero-dimensional and of cardinality < p. If X has the
property that each dense subset is separable, then X has property (a). In particular, if
|X| < p and X is hereditarily separable or has a countable dense set of isolated points
then X has property (a).
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(This corollary was proven independently by Jerry Vaughan.)
Theorem 23. It is consistent with MA+¬CH that there is a separable Dowker (a)-space
of size ω2.
Proof. It is consistent with MA+2ω = ω3 that there is a Dowker spaceX of cardinalityω2
with a countable dense set D of isolated points (this is one of Rudin’s examples—see the
discussion on page 124 of [10]). Since any dense subset of X must containD, Theorem 23
easily follows from the corollary. 2
Notice that Corollary 22 also implies that if X is the above Dowker space, then
X × (ω + 1) has property (a) and a modification of the proof of Proposition 20 gives
that X × Y has property (a) for any metrizable compact space Y . Therefore countable
paracompactness does not characterize the preservation of property (a) under products with
a compact metric factor.
Question 5. Does X× (ω+ 1) have property (a) if and only if X× [0,1] has property (a)
if and only if X× Y has property (a) for any metrizable compact space Y ?
Question 6. Do (a)-Dowker spaces exist?
We do not know whether every normal countably paracompact space has property (a).
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